Abstract In this paper, retrial queue with unreliable server and bulk arrivals is investigated. The server is capable of providing m-optional services and any one of these available services, may be rendered to the customer after the first essential service if the customer opts for the same. It is assumed that the server may fail while rendering any phase of service and undergoes for the immediate repair. After the completion of the service of a customer, the server may either take a vacation for a random period or may continue to provide the service to the other customers waiting in the queue. The supplementary variables corresponding to service time, repair time and retrial time are incorporated to determine the queue size distribution. To examine the effect of different parameters on the performance measures of the system, the numerical illustration is given which is supported by numerical simulation and sensitivity analysis. 
Introduction
In most of the literature of queueing theory, it is usual phenomenon that if the arriving customer in the system finds the server busy, then he cannot get the service immediately; in such situation, either he joins the queue to get the service or leaves the system forever. But, in many real world day-to-day activities, it is general practice that the customer again joins the system after some random time to get the service at the same service station. In such scenarios, the customers wait in a virtual buffer called retrial orbit and the queue with repeated attempts or queue of rejoining customers is formed which is known as retrial queue. To cite the retrial queueing situation, we consider the call center where the callers on finding the line busy may decide to join the retrial orbit and can try again and again after some time till finding the line free. Similar situation can be observed at the manufacturing system where the quality control engineer has to check the quality of the ready stock of the products, but on arrival if he finds that the server is not in the position to provide the service immediately because of its busy schedule then he may decide to join the virtual orbit and after some random period of time, he again comes back to check the quality of the stock of products if ready for checking otherwise again repeats his attempt till stock is ready for checking.
In day-to-day activities of the real world situations, it is a common assumption that the service station works on permanent basis without any interruption. In flexible manufacturing/production systems, the service station may breakdown and requires immediate attention of the repairman to get back in good condition so that the functioning of the system can be restored. Sometimes, the customers may be discouraged due to the service interruption. For the effective results in production systems, the manufacturer has to pay special attention toward the maintenance of the machines for the smooth functioning of the system. The server may take the regular vacation of fixed duration for the overhauling of the machines or optional vacation whenever required to correct some sudden faults in the machinery parts. In industrial queues, some units are kept in inactive mode i.e. automatically go on vacation and become active after certain duration i.e. vacation period so as to be ready to render the service.
In some congestion situations of service system, the provision of optional services on the demand of the customers is very realistic and is provided to the customers on demand after completion of the first essential phase of service. Such multiphase optional service systems are economic and time saving as the customer can receive the several phases of the service from the same server and this type of service facility can be realized in numerous real-life activities. For more clarity of the situation, we cite the example of the health care centers wherein the patients arrive for the routine checkup as regular service but some of the patients who are not satisfied with the regular checkup due to health problem or with the advice of the doctor, can go for additional checkup facilitated by the same doctor who desires to perform other tests viz. ECG, blood pressure checkup, etc.
In the congestion situations of retrial queues, several researchers have contributed significantly to develop stochastic models in different frameworks. Falin and Templeton [1] have discussed various models on retrial queues. In recent past, many researchers presented the important works on retrial queues with different variations [2] [3] [4] [5] [6] [7] . Atencia and Moreno [8] discussed a queueing system with general retrial times under the assumption that the only unit at the head of the orbit is allowed to get another chance for the service. They obtained various performance indices to study the steady-state behavior of the system size distribution. The multi-server finite source retrial queue for limited capacity server was considered by Wuchner et al. [9] by incorporating the balking phenomenon. Purohit et al. [10] considered the M=M=1 queue with state dependent rates and constant retrial policy. In this work, they considered the threshold level to start the repair of the failed server. Using supplementary variable approach, the single server retrial queue with bulk input and balking was investigated by Bhagat and Jain [11] . In this paper, they assumed that second optional phase service is provided to the customers after availing first phase essential service. The queue size distribution and other performance indices to study the steady-state behavior for the non-markovian retrial queue with two phases of service under general vacation policy were studied by Kumar and Arumuganathan [12] . Choudhury and Ke [13] have analyzed the M X =G=1 system with general retrial time and Bernoulli vacation schedule and presented the performance analysis of the system to study the steady state behavior. Singh et al. [14] have investigated the nonmarkovian queueing system with general service and state dependent arrival rates. In this investigation, they assumed that the server may breakdown at any stage of the service and undergoes for immediate repair. Recently, Zhang et al. [15] have considered the stochastic model for the unreliable server queue based on queueing characterization. They assumed that the server may fail at any stage of the service and the arriving customers decide to enter the retrial orbit or to follow the balking behavior based on the current information available in the system at their arrival. The non-markovian model of the queueing system with bulk arrival and general distribution of service time was studied by Singh et al. [16] . By incorporating some more realistic features namely the server vacation of a fixed duration and balking behavior of the customers, the mathematical analysis to study the steady state behavior of the system was done by using supplementary variable technique. Jain and Bhagat [17] have investigated the modified vacation policy for a retrial queue with bulk arrival and k-essential phases of service rendered to all customers by a server which is subject to breakdown and repair. Recently, Dimitriou [18] has analyzed a retrial queue to examine the performance characteristics of fault-tolerant system. The stochastic model of retrial queue for double orbit system with finite capacity and unreliable server was considered by Jain et al. [19] . In this study, they applied the matrix method to obtain the steady state results and threshold recovery parameter.
Choudhury and Deka [20] considered an unreliable server M=G=1 system where the customers join the system singly with homogeneous rate to get the two phases of services. In this investigation, they have obtained the probability-generating functions of the queue size distribution to evaluate the performance measures of interest. In industrial scenario, it is common practice that the units/jobs may join the service system in batches and the server is unreliable and may fail at any stage of the service. On the arrival, if the customers notice a long queue in the service system and find no scope of the immediate service, they immediately take the decision to join the retrial orbit to get the service in the next attempt. Beside this, in the real world congestion scenarios there are so many similar situations where the customers may not leave the system forever and would like to retry their attempts after random interval of time. Such important applications in real time situations motivated us to extend the model of Choudhury and Deka [20] by incorporating the retrial policy for batch arrival queue with the provision of essential service and m-optional services.
In many practical situations, the concept of retrial queues and the demand of optional services apart from the first phase essential service are normal features. Furthermore, the provision of vacation schedule of the server may be required for other secondary works, for example for maintenance work or to check the efficiency of the system. For many machining systems or servers, the rest is also needed for further smooth functioning which can be provided during the vacation period from the economic view point. In view of the above, the present investigation deals as the extension of Choudhury and Deka [20] by considering a single server queueing system with the provision to opt one of the m-optional services available in addition to first essential service rendered to all arriving customers. The aim of this investigation is to find the queue size and orbit size distributions which are further employed to obtain the cost analysis and other performance measures of the system. The outline of the remaining sections is as follows. By stating the requisite assumptions and notations, the mathematical model is described in Section 2. In Section 3, the supplementary variables corresponding to elapsed times of different processes such as service time, repair time and retrial time are considered and the governing equations are constructed. Section 4 contains the mathematical analysis of the system by using the probability reasoning. The stochastic decomposition is presented in Section 5. In Sections 6 and 7, the performance measures of the system and some special cases by setting the parameters are discussed. The numerical illustration for the sensitivity analysis of the model is considered in Section 8. Finally, the conclusion of the present investigation is drawn in the last section.
Model description
To analyze the more versatile service system of many realistic situations, we consider the multi-phase service system. It is assumed that the customers arrive in the batches of random size X with probability mass function c k ¼ PðX ¼ kÞ; k P 1 and follow Poisson process with rate k. Since first phase service is compulsory to all arriving customers, as soon as essential service is completed either the customer may opt ithði ¼ 1; 2; . . . ; mÞ optional service immediately with probability r i or leave the system with probability r 0 ¼ 1 À P m i¼1 r i . It is also considered that after service completion of the customers, the server may take a vacation with probability p or may continue in the system for service with probability ð1 À pÞ. Furthermore, on arrival if primary customer finds that the server is in busy state or on vacation state/broken down state, the customer may join the group of unsatisfied customers i.e. retrial orbit. Let the orbit size at time t be NðtÞ. The random variable R denotes the retrial time with distribution function MðxÞ and its Laplace Stieltjes transforms Mð:Þ.
It is assumed that the inter arrival time and service time of essential/optional services are independent. Further, the service times of first essential service and ithði ¼ 1; 2; . . . The limiting probabilities are defined as
A n ðxÞ ¼ lim
PrfNðtÞ ¼ n; YðtÞ ¼ R 0 ðtÞ; x 6 R 0 ðtÞ 1; if the server is idle during retrial duration at time t: 2; if the server is busy in rendering the essential service at time t: 2 þ i; if the server is busy in rendering the ithði ¼ 1; 2; . . . ; mÞ optional service at time t:
3 þ m; if the server is on vacation at time t: 4 þ m; if the server is under repair when failed during the essential service at time t: 4 þ m þ j; if the server is under repair when failed during the jth optional service at time t:
Also it is assumed that Mð0Þ ¼ 0, 
Governing equations
By using the probability reasoning as discussed in Cox [21] , the equations governing the model are formulated as follows: 
To solve Eqs. (9) and (10), the following boundary conditions at x ¼ 0 are considered.
A n ð0Þ ¼ q r 0
mðyÞV n ðyÞdy; n P 1;
kðxÞA n ðxÞdx; n P 1;
The boundary condition at y ¼ 0 for the solution of Eq. (11) is defined as follows:
For the solution of Eq. (12), the boundary condition for fixed value of x, at y ¼ 0 is considered as 
The normalizing condition can be stated as
Mathematical analysis
Following Choudhury and Deka [20] , from Eqs. (9), (11) and (12) 
By using Eq. (22) in (23) and on simplification, we get P ðiÞ ðx; zÞ ¼ P ðiÞ ð0; zÞ½1 À B i ðxÞ expðÀ/ i ðzÞxÞ;
with / i ðzÞ ¼ aðzÞ þ a i ð1 À G i ðaðzÞÞÞ and aðzÞ ¼ kð1 À XðzÞÞ. From Eqs. (21), (22) and (24) 
Vð0; zÞ ¼ pP
Again, multiplying Eq. (13) by suitable power of z for n P 1 and using Eqs. (26) and (27), we have
Similarly, Eq. (14) gives
Using Eqs. (28) and (29), we get P ð0Þ ð0; zÞ ¼ zI 0 aðzÞMðkÞ SðzÞ ð30Þ
with
By using Eqs. (28) and (30), we get
Taking limit z ! 1; Eq. (30) yields
where
By taking the limit z ! 1 in Eqs. (19)- (21), (24)-(27) and using Eq. (32), we have
Vðy;
Using Eqs. (33)-(38) in normalizing condition (18), we have
Lemma 1. The necessary and sufficient condition for the system to be stable is given by inequality
Proof. For proof see Appendix A. h Theorem 1. Under stability condition q þ EðXÞð1 À MðkÞÞ < 1; the probability generating functions of joint probability distributions of the server state and orbit size are given by
Aðx; zÞ (19), (20) and (24), (25), we get the required results. h Theorem 2. The probability generating functions of the marginal probability distributions of the orbit size for different server states are
Proof. For proof see Appendix B. h Theorem 3. The probability generating functions of the queue size in the system and orbit at the arbitrary epoch, are
Proof. For proof see Appendix C. h 
Stochastic decomposition
The probability generating function given in Eq. (55) 
The existence of stochastic decomposition for present system can be given as
where P 0 ðzÞ is the PGF of the system size of an M X =G=1 queue with unreliable server under Bernoulli vacation and its distribution can be obtained by setting MðkÞ ¼ 1 in Eq. (53). Thus Also vðzÞ is the PGF for additional system size due to retrial time and is given by
Performance measures
In the previous sections, we have established the analytical results for the probability generating functions for the marginal and joint queue size distributions for the different system states which we can further use to evaluate some measures of performance as follows:
System state probabilities
The long run system state probabilities of the server being in different states can be obtained by taking limit z ! 1 in the marginal probability generating functions of the queue size distributions. Thus. The probability that the server is in idle state but is non empty
The probability that server is busy in rendering the essential service
The probability that server is busy in rendering the ithði ¼ 1; 2; . . . ; mÞ optional service
The probability that server is under vacation
The probability that the server failed during essential service is under repair
0 ; The probability that the server failed during the ithð1 6 i 6 mÞ optional service is under repair P Ri ¼ r i a i kEðXÞEðB i Þg ð1Þ i ; The probability that server is idle
Mean queue length (i) Mean number of customers in the orbit
The mean number of customers in the orbit is obtained as 
Reliability indices
The steady state availability A v , which is the probability that the server is either busy in rendering service or in an idle state, is obtained as
The steady state failure frequency of the server is obtained as
Theorem 5. The expected lengths of busy period ðT b Þ and busy cycle ðT c Þ respectively, are
MðkÞ ð63Þ
EðT c Þ ¼
Proof. By using the argument of renewal theory [13] , we have
On substituting the results from (39) in (67) and (68), we get the results as given in Eqs. (65) and (66). Further, if T 0 be the length of idle period then
Thus, we get
Special cases
In this section, some special cases are evaluated by setting the appropriate parameters to validate our results with the existing models.
Case (i): By setting P ðX ¼ 1Þ ¼ 1;
where / i ðzÞ ¼ kð1 À zÞ þ a i ð1 À G i ðkð1 À zÞÞÞ, i ¼ 0; 1.The above result matched with the results obtained by Chaudhury and Deka [20] .
The above result tallies with the results as given by Choudhury and Madan [22] .
It is same as obtained by Jararha and Madan [23] and Medhi [24] . 73), the above results coincide with those obtained by Choi et al. [25] .
Numerical illustration
The queueing model developed in the present investigation has the potential applications in many congestion situations including the delay encountered in the quality control process of the electronic equipments in the production system. To elaborate the specific utility and economic issues, we cite the retrial queueing problem encountered in the quality check up process as follows: After manufacturing, the ready stock of the products i.e. electronic equipments arrive in bulk at the quality control department where checking is done by a quality control engineer in phases. After completing the first round checking, the engineer may either satisfy with the quality of the unit or
M X /G/1 unreliable retrial queuemay require some more checking/testing which can be performed in the optional phases as per requirement to ensure the quality of the unit. Due to hectic job of the checking phases, after completing the quality control process of an electronic unit, the quality engineer has the choice of either starting the job on the other unit or going for vacation. The quality engineer may not be available due to illness which reveals that he is unreliable and is subject to failure. In case, if the engineer is not in the position to perform his job due to either being busy in doing testing of the other unit or being on vacation/breakdown, the new ready stock may either wait in the queue or joins the virtual orbit. From the orbit after some random period of time, the electronic unit can again make attempt to find the engineer free for the quality checking. In order to examine the performance of the electronic equipments production system in the context of quality check up, various performance characteristics along with system state probabilities can be computed based on analytical results established in the previous section. In order to minimize the total cost involved, the optimal parameters should be determined. The sensitivity of the total cost with respect to various design parameters such as optional vacation probability, retrial rate, and admission rate, is also a key concern for the quality control engineer in order to provide the quality product. In the present section, we determine the optimal service rate by constructing the cost function in terms of different activities and associated cost elements. The extensive numerical experiment has been done to explore the sensitivity aspect of the concerned model. For the computation of performance measures, the computer program is developed by coding it in MATLAB software. To observe the affects of the different parameters on various system performance measures, we consider that the input batch size of the customers follows geometric distribution. The first and second moments of batch size are considered as EðXÞ ¼
The essential and optional service times are considered to be exponential distributed. For the computation purpose, the first and second moments are obtained by using EðB i Þ ¼ The interpretation of the results based on numerical illustration carried out for the different performance measures is as follows:
Queue length of the system
The single server can provide the service only one customer at a time, therefore rest of the arrivals either not join the system or form the queue in the system to get the service. The queue length of the customers is affected by various parameters of the system namely service rate of the server, arrival rate of the customers, retrial rate, etc. To discuss the effects of different parameters on the queue length, we provide the numerical results for which the default parameters are set as follows: Tables 1 and 2 exhibit the effects of arrival rate ðkÞ and the service rates (l 0 Þ respectively, for the fixed values of other Table 1 Effect of arrival rate ðkÞ on L q . Table 2 Effect of service rate ðl 0 Þ on L q . parameters on the queue length ðL q Þ. It is noted that the queue length ðL q Þ increases (decreases) with the growth of arrival rate (service rate) for the fixed values of optional vacation probabilities or retrial rates of the customers. Table 3 presents the queue length ðL q Þ by varying the failure rate (a 0 Þ for the fixed values of optional vacation probability (pÞ or retrial rate ðhÞ of the customers. It is observed that the queue length ðL q Þ increases with the increment in the failure rate (a 0 Þ which is as per our expectation.
Reliability indices
For the queueing system with unreliable server, the reliability measures also provide the information which is required for the improvement of the system. To justify and validate the analytical results of the model, the availability measure ðA v Þ and failure frequency ðF f Þ are obtained. For computation of these measures, the default parameters are considered as follows: Table 4 : Table 4 demonstrates that A v decreases but F f increases with the growth of failure rate ða 0 Þ and the same pattern we observe with the increase in the number of optional services ðmÞ. From Table 5 , it is evident that as more customers arrive in the system, availability ðA v Þ decreases but failure frequency ðF f Þ increases. On the contrary, for the fixed arrival rate, A v increases with the growth of the retrial rates ðhÞ of the customers. The system can be made more efficient by increasing the system efficiency in terms of enhancement in the service rate, which can reduce the failure frequency of the server.
Cost analysis
The total cost of the system depends on the cost incurred on different activities. In order to explore the effect of different parameters on the cost function and to determine the optimal service rate, the cost function is constructed as Table 4 Effects of failure rate (a 0 Þ and number of optional service ðmÞ on A v and F f . Table 5 Effects of failure rate (a 0 Þ and arrival rate ðkÞ on A v and F f . 
where C h is the holding cost per unit time; C 0 is the cost per unit time to keep the server on and in operations; C S is setup cost per busy cycle and C a is the startup cost per unit time for the preparation work of the server before starting the service.
The default values of different costs elements are taken as
The other default parameters for the numerical results displayed in Tables 6-8 are set as follows: Table 6 : EðX Þ ¼ 1; Table 6 depicts the variations of the total cost with k and noted that the cost decreases first and then starts increasing with the growth of k for different retrial rate ðhÞ and p: The convex nature of cost function with respect to arrival rate provides insight for the admission control policy. Further, variation seems prevalent with the increasing value of p and arrival rate which is due to the fact that with the growth in these parameters, the number of customers and completion period of the service become larger as such cost increases rapidly. Further for fixed values of k, total cost increases (decreases) with the growth in retrial rate hðpÞ but after certain value of k, this opposite trend is seen. Further it is also evident that for fixed values of p, minimum total cost increases with the growth of h. Table 7 shows the effect of service rate (l 0 Þ on total cost (TC) with the variation in p and h. From table, we observe that the total cost initially decreases with the growth in service rate (l 0 Þ which shows the convexity of the cost function with respect to l 0 . It is also noticed that the cost function decreases with the increase in retrial rates ðhÞ for different values of p. Such situations can be observed in many real life congestion situations and may be helpful in the modeling of the real time system. Further for fixed values of l 0 , total cost decreases (increases) with the increase in retrial rate hðpÞ but after certain values of l 0 , this trend reveals a reverse pattern. Further from the table, it is also observed that for fixed values of p, minimum total cost decreases with the increase values of h. Table 8 shows the change in the cost for the varying the values of failure rates ða 0 Þ of the server for different values of p and h.
The following default parameters are considered in order to find the optimal values of total cost as shown in Figs. 1-4 . Figure 1 Effects of k and h on the total cost.
From Figs. 1 and 2 , the optimal values for ðkÃ; hÃÞ and ðl 0 Ã; hÃÞ are obtained as (2.1, 3.1) and (5.5, 3.5), respectively with their optimal total costs $525.00 and $530.00 for fixed values of other parameters. Figs. 3 and 4 depict the optimal values for ðkÃ; pÃÞ ¼ ð2:1; 0:9Þ and ðl 0 Ã; pÃÞ ¼ ð6:0; 0:9Þ; the corresponding optimal total cost ðTCÃÞ is $506.00 and $528.00, respectively.
Conclusion
The retrial queueing system with unreliable server studied under Bernoulli vacation policy has the provision for the waiting of the customers in a virtual pool i.e. retrial orbit in order to try again in case if the server is busy. The incorporation of the provision of m-optional services apart from essential service makes the system closer to real life situations. Queueing characterization of such type of service facility may be helpful in reducing the congestion encountered at shopping malls, hospitals, and many other places and may also attract the customers for getting the service at one place as per requirement. We have provided explicit expressions for various performance measures which are validated by taking numerical illustration. The investigation done will provide insight to the concerned system designers and decision makers to develop more economic and better grade of service (GoS) based on the quantitative assessment of various performance characteristics of interest. This study can be further extended for the optimal N-policy or admission control based queueing system. The more realistic features viz. balking behavior of the customers and/or delayed repair of the server can also be incorporated for which work is in progress. we obtain the result given in Eq. (54).
Appendix D.
Proof of Theorem 4. Let fp j ; j ¼ 0; 1; 2; . . .g be the probability that there are j customers in the queue at a departure epoch. Then the queue size distribution at the departure epoch is determined using where k 0 is the normalizing constant.
On multiplying Eq. (D.1) by z j , using pðzÞ ¼ P 1 j¼0 p j z j , and after some algebraic manipulation, we get
Using the condition pð1Þ ¼ 1, we get 
